Two Dehn surgeries on a knot are called cosmetic if they yield homeomorphic manifolds. For a null-homologous knot with certain conditions on the Thurston norm of the ambient manifold, if the knot admits cosmetic surgeries, then the surgery coefficients are equal up to sign.
Introduction
Heegaard Floer homology is a powerful theory introduced by Ozsváth and Szabó [9] . One important aspect of Heegaard Floer homology is that it behaves well under Dehn surgeries. In fact, if one knows about the knot Floer complex of a knot, then one can compute the Heegaard Floer homology of any surgery on the knot [11, 14, 13] . This makes Heegaard Floer homology very useful in the study of Dehn surgery.
In this paper, we will use Heegaard Floer homology to study cosmetic surgeries. We first recall the definition of cosmetic surgeries. Definition 1.1. If two Dehn surgeries on a knot yield homeomorphic manifolds, then these two surgeries are cosmetic.
Cosmetic surgeries are very rare. More precisely, one has the following Cosmetic Surgery Conjecture. Conjecture 1.2. [5, Problem 1.81] Suppose K is a knot in a closed manifold Y . If the complement of K is irreducible and is not the solid torus, then any two surgeries on K do not yield manifolds which are homeomorphic via an orientation preserving homeomorphism.
The main theorem of this paper is an analogue of [13, Theorem 9.7] and [8, Theorem 1.5] . See also [16] .
All manifolds in this paper are oriented, unless otherwise stated. Suppose r ∈ Q ∪ {∞}, let Y r (K) be the manifold obtained by r-surgery on K. Suppose (Y, K) satisfies that
x Y (h) < x Y −K (h), for any nonzero element h ∈ H 2 (Y ).
Here x M is the Thurston norm [15] in M . The conclusion is, if two rational numbers r, s satisfy that Y r (K) ∼ = ±Y s (K), then r = ±s.
Sometimes the condition (1) can be weakened if there is a certain additional condition. For example, we can prove the following theorem.
is nonzero. Then we have the same conclusion as Theorem 1.3. Namely, if two rational numbers r, s satisfy that
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Non-triviality theorems
In this section, we will state some non-triviality theorems in Heegaard Floer homology. We first set up some notations we will use in this paper.
Let Y be a closed 3-manifold. Suppose S is a subset of Spin c (Y ), let
where HF • is one of HF , HF ∞ , HF
Similarly, if F is a Seifert surface for a knot K ⊂ Y , then
see [11] for more details. Following Kronheimer and Mrowka [7] , let
A very important feature of Heegaard Floer homology is that it detects the Thurston norm of a 3-manifold. In [10] , this result is stated for universally twisted Heegaard Floer homology. Nevertheless, this result should also hold if one uses untwisted coefficients. In fact, the analogous result for Monopole Floer homology is stated with untwisted coefficients [6, Corollary 41.4.2] . In order to state our results, we first recall two definitions. When F is connected, we say that F is a Seifert surface for K. We also view a Seifert-like surface as a proper surface in Y −
As in the proof of [2, Theorem 2.2], using the known non-triviality results for twisted coefficients stated in [8] and the Universal Coefficients Theorem, we can prove the following theorems. (The same results can also be proved via the approach taken in [4, 7] .)
Theorem 2.4. Suppose K is a null-homologous knot in a closed 3-manifold Y . Let F be a taut Seifert-like surface for K. Then
A surgery formula
Suppose K ⊂ Y is a null-homologous knot. Let Y p/q (K) denote the manifold obtained by p q -surgery on K. Note that there is a natural identification
be the projection to the first factor. The goal of this section is to prove the following theorem, which is a (much easier) analogue of [13, Theorem 1.1].
Large surgeries on rationally null-homologous knots
Suppose K ⊂ Y is a rationally null-homologous knot. We construct a Heegaard diagram (Σ, α, β, w, z) for (Y, K), such that β 1 = µ is a meridian of K. Moreover, w, z are two base points associated with a marked point on β 1 as in [11] . There is a curve λ ⊂ Σ which gives rise to the knot K. Doing oriented cut-and-pastes to λ and m parallel copies of µ, we get a connected simple closed curve supported in a small neighborhood of µ ∪ λ. We often denote this curve by mµ + λ. The m parallel copies of µ are supported in a small neighborhood of µ. We call this neighborhood the winding region for mµ + λ. (Σ, α, γ, z) is a diagram for Y mµ+λ (K), where γ 1 = mµ + λ and all other γ i 's are small Hamiltonian translations of β i 's. Definition 3.2. As in [13, Section 4] , one defines a map
is represented by a point y supported in the winding region, let x ∈ T α ∩ T β be the "nearest point", and let ψ ∈ π 2 (y, Θ, x) be a small triangle. Then
When we construct the Heegaard triple diagram
the position of the meridian β 1 relative to the points in λ∩γ 1 may vary. Our next lemma says that the choice of the position of β 1 does not affect the definition of Ξ.
Lemma 3.3. Suppose we have two Heegaard triple diagrams as above
The two sets β 1 and β 2 differ at the meridian, where the meridian β
is a parallel translation of the meridian β 1 1 ∈ β 1 , still supported in the winding region. The two base points are moved together with the meridian.
Using these two diagrams, we can define two maps
Proof. Without loss of generality, we may assume there is only one intersection point of λ ∩ γ 1 between β 1 1 and β 2 1 . See Figure 1 for an illustration. Suppose y 1 , y 2 ∈ T α ∩ T γ are two intersection points supported in the winding region, and suppose their γ 1 -coordinates are y 1 , y 2 , respectively. Assume
Hence ε(y 2 , y 1 ) = µ. Letỹ 1 ∈ T α ∩ T γ be the point whose coordinates coincide with the coordinates of y 1 , except that its γ 1 -coordinate is the next intersection point to y 1 on the same α-curve, denotedỹ 1 . Then ε(ỹ 1 , y 1 ) = µ, soỹ 1 is in the same equivalence class as y 2 . Now we only need to prove that
Let
. Moreover, the small triangle forỹ 1 in Γ 2 is just a translation of the small triangle for y 1 in Γ 1 , so they contribute the same n w (ψ) − n z (ψ) term in (2). So (3) follows.
Remark 3.4. In [13] , in order to define Ξ(t), one places the meridian in a position such that the equivalence class of intersection points representing t is supported in the winding region. The above lemma removes this restriction.
Proof. Let s ∈ Spin c (Y ) be the underlying Spin c structure of ξ. We can choose a Heegaard diagram for (Y, K) such that some x ∈ T α ∩ T β represents s, then ξ = s w,z (x) + n · µ for some n ∈ Z. Now our desired result follows from the definition of Ξ.
The following proposition is a part of [13, Theorem 4.1]. Proposition 3.6. Let K ⊂ Y be a rationally null-homologous knot in a closed, oriented three-manifold, equipped with a framing λ. Let [13] . Then, for all sufficiently large m and all t ∈ Spin c (Y mµ+λ (K)), there is an isomorphism
Rational surgeries on null-homologous knots
Let K be a null-homologous knot in Y . As in [13, Section 7] , Y p q (K) can be realized by a Morse surgery with coefficient a on the knot
be the map defined in Definition 3.2. be a doubly-pointed Heegaard diagram for (Y, K), such that β 1 is a meridian for K and the two base points are induced from a marked point on β 1 . Suppose λ ⊂ Σ represents a longitude of K.
be a genus 1 Heegaard diagram for (L(q, r), O q/r ). As in Figure 2 , β g+1 intersects α g+1 exactly q times and intersects the boundary of each rectangle exactly r times. Suppose λ T ⊂ T represents a longitude of O q/r . We perform the connected sum of Σ and T by identifying the neighborhoods of z and w ′ , hence we get a new genus (g + 1) surface Σ ′ . Then
is a Heegaard diagram for (Y ′ , K ′ ). The longitude λ ′ of K ′ is a connected sum of λ and λ T .
We define
for some n ∈ Z. Now let x be the projection of x ′ to T α ∩ T β , then
The following proposition is obvious. (See also [13, Corollary 5.3] .)
as Z ⊕ Z-filtered chain complexes.
Lemma 3.9. When m is sufficiently large, we have
Here
Here we choose a = 3.
Proof. We follow the notation in Construction 3.7. Since λ ′ intersects β 1 exactly once, we can slide β g+1 over β 1 r times to eliminate the intersection points in β g+1 ∩ λ ′ . The new curve is denoted β ′ g+1 as in Figure 3 . Then Figure 4 : After q handleslides, we get a Heegaard diagram for Y p/q (K).
is also a Heegaard diagram for (
. The curve α g+1 intersects γ 1 exactly once. We can slide β ′ g+1 over γ 1 q times to eliminate its q intersection points with α g+1 . The new curve is denoted γ g+1 as in Figure 4 . Now
Moreover, we may slide other α-curves over α g+1 to eliminate their intersection points with γ 1 . A destabilization will remove α g+1 and γ 1 . Now we get a diagram
which is isomorphic to
where γ * g+1 is the image of γ g+1 under the destabilization. We want to show that γ * g+1 is isotopic to pµ + qλ, the curve obtained by doing cut-and-pastes to p parallel copies of µ and q parallel copies of λ. In fact, γ * g+1 is supported in a small neighborhood of µ ∪ λ, so it must be isotopic to
It is easy to compute the intersection numbers of γ g+1 with λ and µ = β 1 , which are p = aq + r and q. The intersection numbers of γ * g+1 with µ and λ remains the same, so γ * g+1 = pµ + qλ. Suppose t ∈ Spin c (Y p/q (K)). We want to prove
We first consider the right hand side of (4). Let y ′ be a point in T α ′ ∩ T γ1 which is supported in the winding region and represents t (Figure 3 
Now we consider the left hand side of (4). As in Figure 4 , we get another Heegaard diagram for Y p/q (K) by q handle slides. In this diagram, we can find a point y ∈ T α ′ ∩ T γ2 which represents t as y ′ does. In fact, since α g+1 intersects γ 1 exactly once and is disjoint from other γ-curves, y must contain the intersection point of α g+1 and γ 1 , denoted y g+1 . The γ 1 -coordinate of y, called y 1 , is determined by y ′ 1 and y ′ g+1 : it is one of the q intersection points on γ g+1 near y ′ 1 , and the choice among these q points is specified by the position of y ′ g+1 . Other coordinates of y are the same as y ′ . After handleslides and one destabilization, we get a point y * ∈ T α * ∩ T γ * whose coordinates are the same as x except that its γ 1 -coordinate is y 1 . So its nearest point in T α ∩ T β is x, hence x represents π(t). This proves (4). 
Proof. By the definitions
By the adjunction inequality, H(C ξ {i, j}) = 0 when |i − j| ≫ 0. So
when n ≫ 0. The latter group is isomorphic to
When n ≪ 0, we have
which is isomorphic to HF (Y, G Y,−K (ξ)) by [13, Proposition 3.2] . Now by [13, Equation (4) ] and the fact that K is null-homologous, we have
Proof. For each ξ ∈ Spin c (Y, K), there are exactly q relative Spin c structures in
Hence we only need to show that H( A ξ (Y, K)) = 0 for only finitely many
By Lemma 3.10, H( A ξ+i·µ (Y, K)) is isomorphic to HF (Y, s) when |i| is large, hence is 0. This finishes the proof. 
Proof. By Proposition 3.6, when m is sufficiently large
By Lemma 3.9,
Consider the map Ξ 
This proves the first equality. In order to prove the second equality, we note that for each ξ ∈ Spin c (Y, K), there are exactly q relative Spin c structures in Π
So the second equality easily follows.
Proof of Theorem 3.1. Let 
m (s)) t t h h h h h h h h h h h h h h h h h h HF (Y

